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Abstract—This paper is concerned with the linear nonlocal theory of micropolar elasticity. We have
established a work and energy theorem and a uniqueness theorem without making any definiteness
assumptions about the elastic moduli. A reciprocity theorem is also established.

1. INTRODUCTION

The nonlocal theory of micropolar elasticity is of recent origin. It was developed by Eringen
(1973, 1975, 1976). It differs from the classical theory in fundamental hypotheses. The
reference to the physical background of nonlocal theories may be found in Rogula (1982).
Recently, some theorems on the nonlocal theory of elasticity have been established by Iesan
(1977) and Altan (1989). The aim of this paper is to study the linear nonlocal theory of
micropolar elasticity. First, we establish a work and energy theorem and a lemma repre-
senting a counterpart of Brun’s theorem on the classical theory as given by Gurtin (1972),
and prove a uniqueness theorem without definiteness assumption on the elastic coefficients.
Then, by following the method established recently by Iesan (1989), a reciprocity theorem
is obtained without either the use of the Laplace transform or the incorporation of the
initial conditions in the equations of motion.

2. PRELIMINARIES

For a homogeneous and isotropic nonlocal micropolar elastic solid with a configuration
Q, bounded by a closed surface 0€2, the basic equations of linear nonlocal theory of
micropolar elasticity developed by Eringen (1973, 1975) consist of the equations of motion :

O'ji,j+Fi = pt;, ey
mjiJ+8ijkajk+Mi = Iij(pja )
the constitutive equations:
o, = L(l(lx—X’I)E’kkéfﬁu(lx—X’l)[eéﬁe}i]+K(IX—X’I)6},~) dqy, (3
my; = L(a(lx—X’I)leé.y+ﬂ(lx—X’l)lllﬁﬁV(IX~x'I)'//},-) acy, “)
and the geometrical relations:
€5 = U;;+&iji @rs '//ij = @i )

In the above equations o;; is the Cauchy stress tensor, ; is the displacement vector, p
is the mass density, e; is the microstrain tensor, 4, u, k, «,  and y are nonlocal material
constants, ¢; is the microrotation vector, I, is the symmetric microinertia tensor, my; is the
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surface couple stress tensor, ¢, and J,, are alternating symbols, and F; and M, are, respec-
tively, the body force vector and body couple vector. The notation of a Cartesian tensor is
employed and a superposed dot denotes a time derivative, a comma followed by an index
i denotes the derivative with respect to x;. Primed variables depend on x" and ¢, and
dQ’ = dx’ dx’ dx5.

The solution of a mixed initial-boundary value problem in the linear nonlocal theory
of micropolar elasticity for homogeneous, anisotropic solids is a process {u,, ¢;} that satisfies
the basic equations (1)—(5) with the initial conditions :

w=u=0, ¢ =¢ =0, (6)

and the boundary conditions :
u; =@; on 0Q, x[0,w), o,n =0, on QS x[0, ), N
@; = @; on 0Q, x[0,00), m;n; =m; on 05 x[0, o), (8)

where #; is the unit outward normal to 0Q, i;, ¢,, and m; are prescribed continuous functions
in the domains of their definition and

00, +0Q = 0Q, i=1,2. 9)

3. WORK AND ENERGY THEOREM AND UNIQUENESS THEOREM

In this section, we will state and prove a work and energy theorem which will be used
to prove the uniqueness theorem.
Let V and E be the functions on [0, c0) defined by

1 . L
V(t) = EJ; [pi;u;+ 10,01 dQ, (10)

1
E(t) = ~2— L L [/1€;<k€fi+ (”+K)e;j€ii+ﬂe;'.'e,-j] dQ’ dO
l . ’
+ 2L L [“l//;d(l//u +Bl///” ll/”+ '))l//'/dl”] dQ dQ, (1 l)

where for convenience, the dependence of jx—x’| is suppressed for nonlocal material
constants and primed variables depend on x".

Theorem 3.1 (Work and energy)
Let {u;, ;} be a solution of the mixed initial-boundary value problem defined by eqns
(1)~(9) corresponding to {F;, M.}, then the work and energy theorem states that

V(t) + E(t) = JQ o0, +m;¢]n; dS+ L [Fiu+ M, 9,]dQ, (12)

&

where n; is the outward normal to the 0€.

Proof. Multiplying both sides of eqn (1) by #;, and integrating over €, we find that
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L puiiu; dQ = Laj,‘,d,-dﬂ+'[‘i}d,-dﬂ
= L’ aj,u,n,-dS—J;o,iuinQ+LEz&idQ. (13)
Multiplying both sides of eqn (2) by ¢, and integrating over Q, we obtain
L%@@ dQ = L my; Pk d.Q+J; &4)i 0 Pk dQ+L M,¢, dQ
= '[m mpen; dS— Lm,k.ﬁk, dQ+ J;skj,»a,iq)k dQ+ L M, dQ. (14)
Now from eqns (13) and (14), we find that
J; Pl dQ+L 5Li;i$;,dQ = J;Q ot dS+J;n mgn; dS
— L [, — &1 i), AQ— Lmjknp'k,dQ+LEd,~dQ+ LM@‘ dQ. (15)
Notipg that &, = ¢, = —é¢; and using the relation (5), the above equation (15) may be
rewritten as
.L[pﬁ,»di+1k,(iij¢k] dQ = .[an [aj,ﬁ,+m,k¢k]nde+L [Fiu,+ M,.¢,]dQ
—Le’,-,aﬁ dQ—L M, dQ. (16)
Changing index k into i in eqn (16), we get
L (pii i+ 1,6, ¢,] dQ + L é,0,,dQ+ L Y,m; dQ
= J;Q [oith;+m;;@,]n; dS+L [Fiu,+ M, ,)]dQ. (17)

Using the constitutive equations (3) and (4), we find that

.L é,;0;,,dQ = L '[; élj[j'e;tkaij+ (#+K)e;j+#e_;i] dq’ dQ

= J; L [Aeiiéii+ (u+K)ej;é;+ pejié,;]dQ dQ, (18)

and
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J l[!’i‘”ﬁ dQ j f l/,-j[d(ﬁ //(kéij +ﬂlﬁ;l -+ ’y(p:/] dQ)’ dQ
Q Q JQ
JS‘I J;I [ l//;(kl/)ii lj‘p;' l.ii '}’lﬁ ?/l/‘u] d!!’ dQ (19)

Substitution from eqns (18) and (19) into eqn (17) completes the proof.
Let us define

L(t,,1,) = £Q [o(t )t (22) +my ()@ (1)]n; dS+L [Fi(t)(t,) + M(1)9,(1,)] dQ,

(20)
then to establish the uniqueness theorem, we need the following lemma :
Lemma 3.1.
For any 0 < t < oo, we have
1 t
V(t)—E(t) = 5 j (L(s,2t—s) — L(2t—s,5)) ds. (21)
0

Proof. Using the divergence theorem, eqn (20) may be written as
L{t,, 1) = L(a‘,-,,_,-(z,)u,(tz)+m,,-_»,(tl)<p,~(12)) dQ+L(a,,—(t|)u,,,(t2)
+m/,(t,)x/),-,(t2))dQ+L (Fi(t)i12) + Mi(1)@i(15)) dQ.
Taking into account eqns (1)—(4), the above equation becomes
L(t,1,) = L (pii;(¢)0;(22) + 16,2 )@ (1,) ) AQ
+L L (Aerr (1 )eult) + (p+K)ei(11)é,(8) + et )é;(1,) ) dQ dQ

+” (o (2 )W (22) 4+ BUS (0 W (12) + 9t DY 5(22) ) AV AL

Taking into account the homogeneous initial conditions, we find that

J’ i ($)u,(2t—s) ds = pu(H)u; (1) +J pu(s)i; (2t —s)ds (22)
0 o

J"Iii(»bf(s)(/)i(zf”s) ds = Ii/(/"f(t)(/"i(t)‘*‘j L9, (s)p(2t—s)ds (23)
0 0

J[ J j (/le;(k(s)éii(2t_s) + (u+K)ej(s)é; (2t —5) + peji(s)é; (21— S)) dQ dQds
o Jo

0



Nonlocal theory of micropolar elasticity 1335

I A L (Aer(Dea(t) + (u+K)ey (e (1) + peji(Dey(r)) Q' dQ
(1

’ J f (Aia (S)eu(2t=3)+ (u+K)é(5)e, 21—5) + pé(s)ey (2t —s)) Y df2 ds
0 JoJo

= - L(leik(t)e,-i(t)+(ﬂ+K)eEj(t)eij(t)+ue},-(t)e.y(t))dQ’ dQ

+ t j f (Aér ()€:(2t— 5) + (u+K)é,(s)e; (2t — 5) + pé;(s)e (2 —5) ) AQ dQ’ ds 24
0 JaJa
and

J,LL(azﬁék(s)l//'if(Zt-s)+ﬁ!//}.-(s)|//',-,~(2t—s)+y.//;j(s)./)‘.j(2t_s))dQ/ do

0

r

= - f (o) ke (O (8) + B (O () + W () () ) ALY AQ

JQ

re

+ L (o) 1t (W2t — 8) + B (W (21— 5) + YWy (W (2t — 5)) A dQ

JO J

ror

= — | | (Wu@u(®+BY @YD+ i(Dy,()) A dQ

J2 JO

(t

+ f (Wi (W52 — ) + By ()W (2 — ) + y (I (21 — 5)) dQ Q. (25)

JO JGQ

Adding up eqns (22)—(25), we find that
t 1
j L(s,2t—s)ds = 2V(t)—2E(2) +j L(2t—s,s)ds,
0 0

which gives us the desired result.

Theorem 3.2. (Uniqueness)
Assume that p is strictly positive and 1, is positive definite. Then the mixed initial-
boundary value problem defined by eqns (1)—(9) has at most one solution.

Proof. 1t is sufficient to show that for F; = M; = 0 and homogeneous boundary and
initial conditions, the solution is trivial. In fact, from the work and energy theorem and
lemma 3.1, we have

V(1) +E(1) = 0,
V()—E() = 0.

Hence we find that ¥(z) = 0. With the hypotheses of the theorem, we find that u; = ¢, = 0.
This completes the proof.

4. RECIPROCITY THEOREM

Let w(x, ?) and v(x,7) be functions defined on Qx [0, ¢,). For 0 < ¢ < t,, the con-
volution of w and v is defined by
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Wxp = j w(x, t —1)v(x, 1) drt. (26)
0

The notation for i(x, f) = t and v(x, 1)

i *p = J (t—1)o(x,7)d1 (27
0

will also be used in this section.

Let R" = {u;, ¢}, o};, mj;, €}, ¥};} be the solution corresponding to the external data
system Q" = {F;, M}, i/, ¢, o}, m’}, r = 1,2; then we will prove the following lemma and
the reciprocity theorem :

Lemma 4.1.
Fort,t,e[0,00), r,se{1,2} let

A, (1, 1) = £ﬂ (Ulr'(tl)l[:'(t2)+mtr'(tl)(»0?(t2)) ds
““J;l (piif (1)1 (1) + 1; #(1)9}(1,)) dQ

+J (Fi () () + Mi(1))@i(t,)) dQ, (28)

then

Ars(tl’IZ) = Asr(tbtl)' (29)

Proof. Using the divergence theorem, we find that eqn (28) may be written as
A (1, 1) = L (05:.,(t) + Fi(t) — pi; (¢1) ui(t,) 4Q
+ L al(e)u (1) dQ+ L ()Y (22) dQ
+L (e (1) + M) — 1, 67(11) ) 93 (1) dQ.
Using eqns (1) and (2) in the above result, we find that
A (1, 1) = L ari(t ) (12) dQ~L8ijk6§k(h)<Pi(tz) dQ+ L m(L)Yi(t2) AQ
= L oGt )l /(12) — ;i Pk (12)] dQ + L mii(t)(t;) dQ
= L (5t De(t) + (e W (t2) ) 4. (30)

Using eqns (3) and (4) in eqn (30), we find that
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At 1) = LL (Aedi(11)ei(r2) + (u+K)e(1)ef(t:) + peji(t)e(t,)) A dQ
+ L L (W (e )Wi(22) + Bt W3 (22) + 9 (1 W (1) ) QY AQ

= L <L [Ae(t2)8;+ (u+K)ej(t2) + peji(12)] dﬂ)e}/’(n) dqy

+L (J; [k (1), + BWrji(t2) + vis(12)] dQ)w}}(tn) dqy

= L (0'}3,'(12)9;';"(’1)+mﬁ’(’2)¢/;‘;(’|)) dQ
= A_v(tZ’ Il)'

Theorem 4.1. (Reciprocity)
Let R’ be the solution corresponding to the external data system Q', r = 1,2, then

L}i x[o! * ul+m! %o} dS+Li*[F,-' sul+ M/ x 9?1 dQ
= L) i*[o?%u! +m?» (p,.']dS-f-J:1 ix[Fleu'+M2x/1dQ. (31)
Proof. Taking t, = t—1, t; = T in eqn (29) and integrating from 0 to ¢, we get
Ln [o! *u}+m * ¢}] dS—L (pii} % ul +1,;¢; » 7] dQ
+L [F! *u?+ M/« 0} dQ
= J;Q [62*u! +m}+o/] dS—J; [pi? *u! + I;¢} * ¢/]1dQ
+L[F,~2*u,~'+M,-2*(p,~']dQ. (32)

Taking the convolution of eqn (32) with i, we get the desired result with the help of the
relations

i = u;, i*x@;=¢j
and

Wy =D*W,
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